ON MIXED PROJECTIVE CURVES 



MUTSUO OKA 

Abstract. Let /(z, z) be a mixed polar homogeneous polynomial of 
n variables z = (21, ... , z„). It defines a projective real algebraic va- 
riety V := {[z] £ CP"" 1 |/(z,z) = 0} in the projective space CP"" 1 . 
The behavior is different from that of the projective hypersurface. The 
topology is not uniquely determined by the degree of the variety even if 
V is non-singular. We study a basic property of such a variety. 



1. Introduction 

Let /(z,z) be a polar weighted homogeneous mixed polynomial with z = 
(z±, . . . , z n ) G C n . Namely there exist integers (q±, . . . ,q n ) and (pi, . . . ,p n ) 
and positive integers d r , d p such that 

/(ioz,ioz) = t dr f (z,z), to Z = (t qi zx,.. .,t qn z n ), t G M+ 

f(po Z ,poz) =/ A/(z,z), /)oz=(A,...y%),p6C, \p\ =1. 

This gives M + x S 1 action by 

(t,p) oz = {t qi p Pl z 1 ,...,t qn p Pn z n ), tp£M + xS 1 . 

The integers d r and d p are called the radial and the polar degree respectively 
and we denote them as d r = rdeg/ and d p = pdeg/. 

We say that /(z,z) is strongly polar weighted homogeneous if pj = qj for 
j = 1, . . . ,n. Then the associated M + x S 1 action on C n is in fact the C* 
action which is defined by 

(z,r) = ((a*,..., n),r) i-> to z= {z lT p \ . . . , z n T p "), r G C*. 

We say /(z, z) is strongly polar homogeneous if further the weights satisfies 
the equalities qj = pj = 1 for any j. A strongly polar weighted homogeneous 
polynomial /(z, z) satisfies the equality: 

(1) /((i,p)oz,(t,^oz)=tVV(M), GM + X5 1 . 

Assume that /(z,z) is a strongly polar weighted homogeneous polyno- 
mial of radial degree <i r and of polar degree d p respectively and let P = 
(pi, . . . ,p n ) be the weight vector. Let V be the mixed affine hypersurface 

7 = r 1 (0) = {zeC"|/(z 1 z)=0}. 
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Let ip : 5 2 "- 1 \K S 1 be the Milnor fibration with K = VC\S 2n ~ l and let 
F be the fiber. Recall that y?(z) = /(z, z)/|/(z, z)|. Thus F is defined by 

F = ^(l)={ zG 5 2n - 1 \^|/(z,z)>0} 

We can equivalently consider the global fibration / : C n — V —* C*. Then 
the Milnor fiber is identified with the hypersurface The monodromy 

map h : F — ► F (in either case) is defined by 

h(z) = (exp(— - — )zi, . . . ,exp(— — )z n ). 

Up Up 

We consider also the wighted projective hypersurface V defined by 

V = {(*i : 22 : • • • : z n ) G CP(P)™- 1 1 /(z, z) = 0} 

where CP(P) n_1 is the weighted projective space defined by the equivalence 
induced by the above C* action: 

z ~ w 3t G C*, w = r o z. 

It is well-known that CP(P) n_1 is an orbifold with at most cyclic quotient 
singularities. 

By (JU, z G / _1 (0) and z' ~ z, then z' G / _1 (0). Thus the hypersurface 
V = {[z] G CP n_1 (P)|/(z) = 0} is well-defined. Consider the quotient map 
vr : S 2n ~ l CP(P) n ~ 1 or vr : C n \{0} CP(P) n-1 . For the brevity's sake, 
we denote the restrictions tt\F : F ^ CP n \ V and ir\K : K — > V by the 
same 7T. We are interested in the topology of V and the relation with the 
Milnor fibration. 

In this paper, we consider only the case of strictly polar homogeneous 
polynomials. It turns out that the topology of the smooth projective mixed 
hypersurface V is not an invariant of the degree d r ,d p . However we will 
show that the degree ofV is equal to the polar degree d p (Theorem Hip . 

In §5, we study the case n = 3. In this case, let g be the genus of the mixed 
curve V and put q = d p . Then it is known that the following inequality holds 
(known as the Thorn's conjecture and proved by Kronheimer-Mrowka, [4]). 

(g-l)(g-2) 
9 - 2 

We also give examples of mixed projective curves in CP 2 which shows that 
g is unbounded when q is fixed. 

This is a continuation of our papers [8, 9j and we use the same notations. 

2. Milnor fibration and the Hopf fibration 

2.1. Canonical orientation. It is well known that a complex analytic 
smooth variety has a canonical orientation which comes from the complex 
structure (see for example p. 18, [3]). Let V = / _1 (0) be a mixed hyper- 
surface. Take a point a G V . We say that a is a mixed singular point of 
V, if a is a critical point of the mapping / : C n — > C. Otherwise, a is a 
mixed regular point. Note that a point a G V to be a regular point as a 
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point of a real analytic variety is a necessary condition but not a sufficient 
condition for the regularity as a point on a mixed variety. Recall that a is a 
mixed singular point if and only if dfa '■ T a C n — > Tj( a )C is surjective. This 
is equivalent to the existence of a complex number a £ C with |a| = 1 such 
that 

— _ - _ W df 

rf/(a,a) = ad/(a,a) i.e., — (a, a) = a— (a, a), j = 1, . . . ,n 

(0). We assert that 

Proposition 1. There is a canonical orientation on the smooth part of a 
mixed hypersurface. 

Proof. Take a regular point a £ V. The normal bundle M of V C C n 
has a canonical orientation so that dfa ■ A/a — * ^/(a,a)C- is an orientation 
preserving isomorphism. This gives a canonical orientation on V" so that the 
ordered union of the oriented frames {v±, . . . , V2 n ~2, ni, of T a C n is the 
orientation of C n if and only if {vi, . . . , ^2^-2} is an oriented frame of T&V 
where {rei,rt2} is an oriented frame of normal vectors. □ 

Consider a mixed homogeneous hypersurface V and let V be the corre- 
sponding mixed projective hypersurface. 

Proposition 2. Let a £ V \ {O}. TTien a £ V is a mixed singular point of 
V if and only if ir(&) £ V is a mixed singular point. 

Proof. Assume that a = (ai, . . . ,a n ) £ V and a n 7^ for simplicity. Let 
u j = z j / z n, 1 < j < n — 1 be the affine coordinates of the chart U n = {z n 7^ 
0} . Then V H U n is defined by 

V n U n = {u £ C"" 1 I 5 (u, u) = 0} 
where u = (u±, . . . , it n _i) and g(u, u) is defined by 

f(u,u) := /(u',u'), u':=(u, 1). 
Putting g + 2r = rdeg/ and g = pdeg/, we observe that 
(2) 5 (u,u) = /(z,z)/(4 + %). 

Here d r —d p = 2r and d p = q. Write a n = r n exp(9 n i) in the polar coordinate. 
Consider the hyperplane section U n = C n n \z n = a n \ and / := / \f T . Then 
we have the commutative diagram: 

Un X C 

where /3 is the multiplication with r^ r exp(id p n ). This follows from the 
equality ([2]). Put a := n(a) £ C/ n n V. Then the above diagram says 
that df a : T a U n — * TqC is surjective if and only if dg a : T a U n — > T^C 
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is surjective. On the other hand, T a C n is a direct sum of T a U n and the 
tangent space of the R + x 5 1 orbit at a and the latter space is in the kernel 
of df a : T a C n -> T C, as V is invariant by the R + x Section. This 
shows that the surjectivities of two tangential maps df a : T a C n — > ToC and 
dg a U n — ► TqC are equivalent. Thus a G V is mixed non-singular if and only 
if q G V is mixed nonsingular. □ 

Now we consider the canonical orientation of V. First we recall that the 
orientation of C* is given by the frame {-§p,-§g} where (r,9) is the polar 
coordinates of C*. The orientation of CP n_1 as a complex manifold and the 
orientation of CP" -1 coming from the Hopf bundle using the local bundle 
structure UjxC* is the same. Using the orientation of the affine hypersurface 
V and the local product structure of the restriction of the Hopf bundle over 
V, we have a canonical orientation on (the smooth part of ) V. One can 
easily see that the orientation as the local mixed hypersurface V D U n = 
</ -1 (0) C U n is the same with the above orientation. 

2.2. Milnor fiber. Consider the Hopf fibration vr : S 271 ' 1 -» CP™" 1 and its 
restriction to the Milnor fiber F = {z£ 5 2n_1 | /(z,z) > 0}. As / is polar 
weighted, it is easy to see that tt : F —* CP n_1 \ V is a cyclic covering of 
order d p and the covering transformation is generated by the monodromy 
map 

,1m. 

h : F — > F, zh» exp(— — J • z. 



dp 



Thus we have 



Proposition 3. (1) x(F) = d P x(CP n_1 \ V). 

(2) ^(CP™- 1 \ V) = n— X (V) and X (V) =n- X (F)/d p . 

(3) We have the following exact sequence. 

1 -» TTl^^TTlCCP"- 1 \ V) -» Z/d p Z -> 1. 

Corollary 4. // d p = 1, i/ie projection vr : F CP™" 1 \ V is a diffeomor- 
phism. 

The monodromy map h : F ^ F gives free Z/d p Z action on i*\ Thus 
using the periodic monodromy argument in [5] , we get 

Proposition 5. The zeta function of h : F — > i* 1 is given by 

((t) = (l-t^)-x(^)/dp. 

In particular, if d p = 1, h = idF anrf = (1 — i)"*^. 

3. Topology of mixed projective hypersurface 

We are interested in the topology of the mixed projective hypersurface. 
Assume that /(z, z) is a mixed homogeneous polynomial of radial degree d r 
and of polar degree q. Let V be the corresponding projective hypersurface 
V = {/(z,z) = 0} C CP™ -1 . In the case of smooth complex algebraic 
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hypersurfaces, the topology of F or V are determined by the degree q. In 
the case of mixed hypersurfaces, we will see later that the degree q do not 
determine the topology of the Milnor fibering of / or the topology of V. 

3.1. Isolated singularity case. We consider a mixed strongly polar homo- 
geneous polynomial /(z, z) of polar degree q and we assume that V = / _1 (0) 
has an isolated mixed singularity at the origin. 

Assume that F = / _1 (1) has a homotopy type of a bouquet of spheres of 
dimension n — 1. 

Proposition 6. Under the above assumption, the projective mixed hyper- 
surface has the following homology groups: 



Z, j : even, j < 2(n — 2), j / n — 2 
0, j:odd,j<2(n-2),j^n-2. 



The middle homology group H n -2(V) is determined by x(-F) up to the tor- 
sion part. 

Proof. First, by the assumption, Hj(F) = for j < n — 2 and H n _\{F) = 
where 

H = {-l) n -\ X {F)-l). 
By the Wang sequence of the Milnor fibration 

► H j+l {S 2n - 1 \ K) -» HjiFf^HjiF) -» HjiS 2 ^ 1 \K) —> ... 

we see that 

HjiS 2 * 1 - 1 \K) = 0, j<n-2 

As for H n ^2(S 2n ~ 1 \ K), it is isomorphic to the cokernel of /j* — id : 
H n _i(F) — ► H n _i(F) and the rank of this cokernel can be computed from the 
zeta function and the characteristic polynomial P n _i(i) which are related 

by 

(t dp _ i)x(F)/d p = m = Pn ~ 1 ^~^ n 2 . 

We leave the calculation to the reader. By the Alexander duality, we get 

Hj(K) = 0, j<n-2. 

Now the assertion follows from the Gysin sequence of the Hopf fibration 
vr : K -> V: 

• • • ^ Hj{K) -+ Hj{V) - H^ 2 (V) -+ H^{K) ^ . . . 

The argument is exactly same as that for a projective hypersurface (see 
i) □ 

Remark 7. Assume that a mixed function /(z, z) is strongly non- degenerate. 
It is an open problem if (i) F is (n — 2) -connected, and (ii) F has a homotopy 
type of CW-complex of dimension n — 1. 
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3.2. Solutions and points in CP . Let us consider the case n = 2. Let 
Ai(q + 2r, q; 2) be the set of the mixed polar homogeneous polynomials with 
the radial degree q + 2r and the polar degree q. Let /(z,z) be a non- 
degenerate strongly polar homogeneous polynomial in M (q + 2r, g; 2) where 
z = (2:1,2:2). For brevity, we assume that q,r > 0. We are interested to 
compute the number of points V := {/(z,z) = 0}. This number is equal 
to the number of link components of S* 3 Pi V where V = / _1 (0) C C 2 and 
we denoted this number by lkn(V) in [8j. In general, / takes the following 
form: 

/(z,z) = Cy^Z^ 2 2 2 Zj 1 Z% 2 

where v\ + V2 = fJ-i + Hi + q and Mi + M2 = r. We may assume that there 
are no points of V with 22 = 0. Thus we may consider the coordinate chart 
{ z 2 7^ 0} with 2 = 21/22 as the coordinate. To know the exact number of 
points of V, we need to know the number of complex solutions of the mixed 
polynomial: 

{2 G C I clx,^" 1 ^ 1 = °}> ^ + Mi < Q + 2r, Ml < r 

where )/Ltl = ^2 c^ iM . In fact, the number of solutions is not so easy to 
be computed as in the case of complex polynomials. 

Example 8. Consider the equation: 

-22 2 2 + t2 2 + 1 = 0, ieC. 

This example is considered in Example 59 of our previous paper [8j. We 
can see that for a "small" t, we have only one solution. For example t = 0, 
2 = -37=. For a "large" t, we have three solutions. (For real numbers, t is 

"small" if —3 < t < 1.) For example, put t = 3. Then we get 2 = a and 
1/9 ± ^/26i/9 where a is the real root of -2a 3 + 3a 2 + 1 = 0. 

This example tells us that the number of solutions depends on the coeffi- 
cients. However we have the following observation. 

Proposition 9. Assume that /(z,z) G M-{q + 2r,q;2) and let V = {[z] £ 
CP 1 1 /(z,z) = 0} and let F = /^(l) C C 2 . Then a := W can take (at 
least) q, q + 2, . . . , q + 2r. TTte corresponding Euler characteristic of F are 
X (F)=q(2-a). 

Proof. We consider the basic two strongly polar homogeneous polynomials: 

f q>j := zl +j z{ + z^-z{ GM(q + 2j, q; 2) 

k t ■= (z{ - (3zi)(z[ - 7 z e 2 ) g M(2£, 0; 2), (3, 7 G C* 

By Theorem 10, [7], f q j is strongly polar homogeneous and lkn(V(f q j)) = q. 

kg is obviously strongly polar homogeneous of degree and lkn((/c£)) = 21. 
Thus f q jk r _j for < j < r is strongly polar homogeneous polynomial in 
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M.{q + 2r, q; 2) and non-degenerate as long as V(f q j) n F(fc^) = 0. As 
2£+(q + 2j) = q + 2r, lkn(V(f qJ k r ^)) = q + 2(r - j) with j = 1, . . . ,r. 
The latter assertion follows from Lemma 64 of [8j. □ 

Conjecture 10. The possible a for f £ M(q + 2r,q;2) is exactly {q,q + 
2,...,q + 2r}. 

4. Degree of mixed projective hypersurfaces 

Suppose that /(z,z) E M.(q + 2r,q;n) be a strongly polar homogeneous 
polynomial and let 

y = {zeCP n ~ 1 |/(z,z) = o}. 

We assume that the singular locus T,V of V is either empty or codiniREV > 
2. We have observed that V \ T>V C CP™" 1 is canonically oriented so 
that the union of the oriented frame of TpV, say {v%, . . . ,W2(n-2)} an d the 
frame of normal bundle {^1,^2} which is compatible with the local defining 
complex function gj on the affine chart Uj = {zj 7^ 0} is the oriented frame of 
CP 71-1 . (Recall that gj is a mixed function of the variables u% = Zi/zj, i 7^ j 
defined by gj(u, u) = /(z, z) / Zj +r / Zj .) Thus it has a fundamental class 
[V] G H2n-i{V; ^) by Borel-Haefliger [I]. The topological degree of V is the 
integer d so that l*[V] = d[CP n ~ 2 ] where l : V — > CP™" 1 is the inclusion 
map and [CP™ -2 ] is the homology class of a canonical hyperplane CP™" 2 . 

The main result of this paper is: 

Theorem 11. The topological degree of V is equal to the polar degree q. 
Namely the fundamental class [V] corresponds to g[CP™ -2 ] G -ff2(n-2)(CP™" 1 ) 
by the inclusion mapping t*. 

Proof. Suppose that / is a non-degenerate mixed polynomial in A4(q + 
2r,q;n). Take a generic 1-dimensional complex line L which is isomorphic 
to CP 1 . Then the de gree is given by the intersection number [V] ■ [L\. Now, 
changing the coordinates if necessary, we may assume that 

(3) L : zj = ajizi + aj 2 z 2 , j = 3, . . . , n. 

Substituting ([3]) in /(z, z) to eliminate the variables 23, . . . , z n , we see that 
the intersection V D L are described by 

g{z 1 ,z 2 ,z 1 ,z 2 ) = 0, [zi : z 2 ] e L = CP 1 . 

As g is still polar homogeneous in z±,z 2 under the restriction to L, g is 
written as 

g(w,w) = /(w, w)| L = ^c^z^z^z^zg 2 , w = (2:1,2:2), 

where the summation are for the multi-integers v = (vi,v 2 ),fj, = (fii,fi 2 ) 
such that 

M + IH = q + 2r, \v\ — = q, \v\ = v\ + i^ 2 , = /Ui + ^2- 
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Thus the polynomial 5(^1,^25^1,^2) is a polar homogeneous polynomial of 
polar degree q. Taking a linear change of coordinates if necessary, we may 
assume that the intersections are in the affine space Z2 7^ 0. This implies 
that g has a monomial zf +r z'[ with a non-zero coefficient. Use the affine 
coordinate w = z\jzi for the affine coordinate {Z2 / 0}. Then g takes the 
form: 

g(w, w) = c w q+r + citu y+r ~ 1 H h c q+r 

where Cj is a polynomial in w such that deg^ Cj < r and by the assump- 
tion, we have that cq = Yli=o c 0iW % with cq t / 0. Let {ai, . . . ,a m } = 
{w I g(a, a) = 0}. We can see easily that 

I(V, L;aj) = — / G&uss(g)d9 
2vr J\ w - aj \=e 

where w — ctj = eexp(i#) and Gauss(g)(u>, w) = 9' with 6' = arg (g(w, w)) 
and £ is a sufficiently small positive number. In fact, the orientation of 
V is defined so that a frame {v±, . . . ,^2^-4} at otj is positive if and only 
if {vi, . . . , V2n-4, ni, 71-2} are positive where ni, ri2 are frames of the normal 
bundle of V oriented by /. On the other hand, {^, ^} is also a frame of 
the normal bundle where w = x + iy. The orientation {ni, 712} and { J|, 
are compatible if and only if the Gauss map at aj has the positive rotation. 

Topologically the intersection number is the mapping degree of the Gauss 
mapping, considered as: 

Gauss( 5 ) : {\w - aj\ = e} 9* S l ->■ S 1 . 

Take a sufficiently large positive number R. Then by a standard argument, 
we see that 

— I Gauss {g)d6 = — f G&uss(g)d9. 

~[ 2vr J\ w - aj \=e 27r J\w\=R 

The right hand side is equal to the mapping degree of 
Gauss(g) : {\w\ = R} ^ S 1 ->■ S 1 
which is equal to q by the next Lemma which completes the proof. □ 

4.1. Residue formula for a monic mixed polynomial. Let g(w,w) = 
b c a,bW a w b be a mixed polynomial. Put d = max{a + b \ c a ^ / 0} and we 
call d the radial degree of g. We say that g is a monic mixed polynomial of 
degree d if g has a unique monomial of radial degree d. 

Lemma 12. Assume that g(w,w) is a monic mixed polynomial of degree d 
which is written as 

g(w, w) = c (w)w q+r + ci(w)w q+r ~ l H h c q+r 

Cj(w) £ C[w], rdeg^Cj < r, j = 0, . . . , q + r 

cq(w) = c 0r w r H h cqo, c 0r / 
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with d = q + 2r. Then 

1 

2^ 



Gauss(g)d# 
\w\=R 



Proof. Consider the family gt(w, w) = (1—t) g(w, w)+t h(w, w) with h(w, w) :- 
co r w q+r w r . For a sufficiently large R, this gives a homotopy of the two Gauss 
maps of <?||„,|=r and h(w, w)\\ w \ = r. The rotation number of the Gauss map 
h(w,w)\\ w \ = ]i is obviously q. This proves the assertion. □ 

5. Mixed projective curves 

In this section, we study basic examples in the projective surface CP 2 . 
Thus we assume that n = 3. 

5.1. Milnor fibers. Let /(z,z) be a strongly polar weighted homogeneous 
polynomial in three variables z = (z\, z 2 , 23). Let F = / _1 (1) C C 3 be the 
Milnor fiber. 

Proposition 13. Assume that f is 1-convenient (see [8] for the definition) 
non- degenerate, polar weighted homogeneous polynomial with isolated mixed 
singularities at the origin and we assume that f is either of a join type or 
of a simplicial type which are described below. 

Join type : /i(z,z) = g(z 1} z 2 , z\, z 2 ) + z^ 3+b3 z^ 3 , 



Simplicial type: < 



with ai,bi > 0, i = 1,2,3 where g(z\,z 2 ,Zi,z 2 ) is a non- degenerate po- 
lar weighted homogeneous polynomial. Then the Milnor fibers F(fi), i = 
1,... ,3 and F(f' i ), i = 2,3 are simply connected and they have homotopy 
types of bouquets of spheres S 2 V • • • V S 2 . Let fj, g be the Milnor number of 
g. The Euler characteristics and the Milnor numbers are given as follows. 

X (F(fx)) = (a 3 - l)n g + 1, M (/i) = (03 - IK 
x( F (f2)) = x( F (f2)) = oia 2 a 3 - a 2 a 3 + 03, 
M/2) = M) = x(F(f 2 )) ~ 1, 
x(F(f3)) = 010203 + 1, K/3) = aia 2 a 3 , 
x( F (f!i)) = aia 2 a 3 - 1 /u(/ 3 ) = aia 2 a 3 - 2, 

Proof. We consider first F\ = /{^(l) where 

/i(z,z) = g(zx,z 2 ,z 1 ,z 2 ) + z% 3+b3 z\ 3 

where g(z%, z 2 , z%, z 2 ) is a convenient non-degenerate polar weighted homo- 
geneous polynomial. For two variables case, the Milnor fiber F g of g(zi, z 2 ) 
has the homotopy type of a bouquet of S 1 as it is a connected open Riemann 



r h 


>• 


s) 


_ „ai+6i 
— z l 


% 6l z 2 + 4 2+62 4 2 z 3 + z^S* 8 


, a 


>• 


s) 


_ 

— z l 


ij 1 ^ + Z^ +b2 Z b 2 2 Z 3 + 4 3+fe3 ^ 3 
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— z l 


+ z 2 l2+b2 z b2 z 3 + z° 3+b3 4 3 zi 
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— z l 


z^z 2 + z^ 2+b2 z b2 z 3 + z^+^zi 
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surface (Proposition 38, [8]). Let \x g be the Milnor number (=the first Betti 
number) of F g . Then the Milnor fiber F\ of /i is homotopic to the join 
F g * Q a where {l a is the set of a-th roots of unity ([2]). This join is obviously 
homotopic to a bouquet of n g {a — 1) S 2 spheres. 

Consider F 2 = /^(l) or F' 2 = / 2 " 1 (1). The Euler characteristic can be 
easily computed from the additivity of the Euler characteristics, applied on 
the toric stratification 

F 2 = F 2 * {1,2 ' 3} II F 2 * {2,3} II F 2 * {3} F 2 = F 2 {1 ' 2,3} II f' 2 * {2,3} II F 2 {3} 

and Theorem 10 of [7], where F^ 1 is defined by F 2 H C* 1 and 

C* 1 = {ze C 3 \ Zi ^ 0, i 6 I, zj = 0, j £ 1} 

for / C {1,2,3}. 

The Euler characteristics of F 3 = /^ x (l) and = /^ -1 (1) can be com- 
puted in the exact same way. The assertion on the homotopy types are 
now obtained simultaneously as follows. First F*^ 1 ' 2 ' 3 ^ and i?'*^ 1 ' 2 ' 3 ^ are 
CW-complex of the dimension 2 by Theorem 10, [Tj. The secondly -Fj and 
-Fj are simply connected by the 1-convenience assumption ([7]). Using the 
above decomposition and Mayer- Vietoris exact sequences, we see that the 
(reduced) homology groups are non-trivial only on the dimension 2 and no 
torsion on H 2 (Fj) and H 2 (Fj) for j = 2,3. Thus by the Whitehead theo- 
rem (see for example [10]), we conclude that Fj and F'- are homotopic to 
bouquets of two dimensional spheres. □ 

5.2. Projective mixed curves. We consider projective curves of degree 

C = {[zi : z 2 : z 3 ] E CP 2 | f(z u z 2 , z 3 ) = 0} 
where / is a strongly polar homogeneous polynomial with pdeg/ = q. We 
have seen that the topological degree of C is q by Theorem II 11 The genus 
g of C is not an invariant of q. Recall that for a differentiable curve C 
of genus g, embedded in CP 2 , with the topological degree q, we have the 
following Thorn's inequality, which was conjectured by Thorn and proved by 
for example Kronheimer-Mrowka [3]: 

(g-l)(g-2) 
9 - 2 

where the right side number is the genus of algebraic curves of degree q, given 
by the Plucker formula. Recall that for a mixed strongly polar homogeneous 
polynomial, the genus and the Euler characteristic of the Milnor fiber are 
related as follows ( by (2) of Proposition 3): 

Proposition 14. 

(4) 2 - 2g = 3 - 

Q 

where 

F = {{zi, z 2 ,z 3 ) G C 3 | f(z 1 ,z 2 ,z 3 ,z 1 ,z 2 ,z 3 ) = 1}. 
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Now we will see some examples which shows that x{F) 18 n °t an invariant 
of q. 

I. Simplicial polynomials. We consider the following simplicial polar 
homogeneous polynomials of polar degree q. 



,fsi(z,Z 

fs3 ( z , Z 
/s 4 (z,Z 



q+r - r 



Z\ + Z. 



q+r -r 



z 2 + z 3 

(j+r-1 



q+r -r 



z l z 2 + z 2 1 z 2 z 3 + z- 



q+r -r 



Z 



q+r— 1 
1 



Z X Z2 + Z, 



(j+r-1 



Z 2 Z 3 + Z- 



(j+r-1 



Z 3 Z! 



Z 



(j+r+1 -r 



(j+r+l-r; 



1 ^1^2 + ^2 ^2 ^3 "I" Z : 

q+r+1 - r - , q+r+1 - 



q+r -r 



v g+r+l ; 



n z 1 z 2 + z 2 Z 2 Z 3 + Z^"' Z3Z1 

Let f gj be the Milnor fiber of f Si and let C Si be the corresponding projective 
curves for i = 1, ... ,5. First, the Euler characteristic of the Milnor fibers 
and the genera are given by Proposition [13] and Proposition [T2] as follows. 

(<7-l)(«-2) 



X (F Si ) = q 6 - 3^ + 3q, g{C s% ) 
x(F s ,)=q(q 2 + q+l), 9 {C Si ) 
x(F S5 )=q(q 2 + 3q + 3), g(C S4 ] 



1,2,3 



g(g+l) 
2 

(? + 2)(g + l) 



In [9], we have shown that C Sl and C S2 are isomorphic to algebraic plane 
curves defined by the associated homogeneous polynomials of degree q: 

fe(z) 
9s 2 ( z ) ■ 



0—1 . q— 1 . q 

z 2 + z\ Z3 + z\ 



Z 2 + Z 2 Z 3 + Z%. 



We also expect that C S3 is isotopic to the algebraic curve 



q— 1 . q— 1 . <j— 1 
4 Z 2 + Z 2 Z 3 + Z\ Z\ 



0, 



as the genus of C S3 suggests it (see also [9]). 

II. We consider the following join type polar homogeneous polynomial. 



M z ' z ) = *'(w, w) + zl +r zl, 

(7j(w, w) = {w\ +3 w\ + W 2 +J ^^(w 7 ^ 3 

< j < r. 



aw 



r-J 



r-J 



(a, (5 S C* are generic.) The the Milnor fiber F g . of gj is connected. The 
Euler characteristic of x(F g .) (F*. = F gj n C* 2 ) is given by x(F g .) = —r g q 
where r g is the link component number of g = which is q + 2(r — j). Thus 
x(F gj ) = x{F gj ) + ^q where the last terms come from x(F gj )* 1 ) with / = {1} 



or {2}. Thus X (F 9j ) = q(q - 2 + 2(r - j)) and g = (<? ~ 1)(g ~^ +2(r ~ i)) . 
observe that the genus can take the following values by taking j = r, . 

(g -!)(?- 2) (q-l)q (g - l)(g + 2r - 2) 



We 
.,0: 
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As we can take the positive number r arbitrary large, we have that 

Proposition 15. There exist differentiable curves embedded in CP 2 with a 
fixed degree q > 2 whose genera are given as: 

{g o + k(q-l)\k = 0,l,...}, g := {q ~ ^ ~ 2) . 

In particular, taking q = 2, we obtain: 

Corollary 16. For any smooth surface S of genus g, there is an embedding 
S C CP 2 so that the degree of S is 2. 
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